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We show that the diffeomorphisms, which preserve the null nature for a generic null metric very
near to the null surface, provide noncommutative Heisenberg algebra. This is the generalization of
the earlier work (Phys. Rev. D95, 044020 (2017)) [21], done for the Rindler horizon. The present
analysis revels that the algebra is very general as it is obtained for a generic null surface and is
applicable for any spacetime horizon. Finally using these results, the entropy of the null surface
is derived in the form of the Cardy formula. Our analysis is completely off-shell as no equation
of motion is used. We believe present discussion can illuminate the paradigm of “gravity as an
emergent phenomenon” and could be a candidate to probe the origin of gravitational entropy.
PACS numbers:
I. INTRODUCTION
The works of Bakenstein and Hawking [1–3] led to the
conclusion that the black holes are the thermodynamic
objects which has entropy, proportional to the surface
area of the horizon. However, later it was shown that
the entropy and temperature can be can be associated
with any null surface in general relativity [4] (see also
[5, 6]). It is an important observation in the context of
“gravity as an emergent phenomenon” as a general null
surface is not a solution of any equation of the spacetime
(for an extensive review on this direction, see [7]). In the
absence of an acceptable theory of quantum gravity, such
a phenomenon can play significant role in its microscopic
nature.
One of the most important and well established fact is
that the usual thermodynamics can be obtained from the
microscopic structure of the system when one takes the
proper limit. So it is quite obvious that there must be an
underlying quantum description from which the observ-
ables are estimated. This gives rise to the statistical way
of measurement. The entropy, in this case, is given by the
logarithmic of the total number of accesable microstates
determined by certain macroscopic parameters – known
as the Boltzmann relation. In the case of black holes,
the concept of entropy and temperature comes into the
picture only when one takes the quantum effect into the
account. Therefore, it should be quite natural that the
quantummicrostates give rise to the Bakenstein-Hawking
entropy, which is regarded as the benchmark to any the-
ory which tries to quantize the gravity. The absence of
a consistent quantum theory of gravity has made it even
more difficult to comprehend the possible microscopic de-
grees of freedom which contribute to the entropy.
Some recent works [8–15] show that the Bakenstein-
Hawking entropy can also be obtained when one explores
the near horizon symmetry by imposing some suitable
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fall-off conditions. Due to the specific choice of horizon
preserving symmetry, some degrees of freedom among all
gauge ones, raises to the true degrees of freedom which
attribute the entropy. The generators of the conserved
charges satisfy the Virasoro algebra [16] and the entropy
of the surface can be obtained from the central charge
using the Cardy formula [17]. In this context it must
be mentioned that this idea actually originated from the
work of Brown and Henneaux [18], which was further
developed by Carlip [19, 20]. Therefore, in this method,
one can connect the entropy with the configuration and
the associated symmetry of the surface. However, the
near horizon structure and the symmetry algebra should
be studied in a more rigorous manner in order to get
the idea about the traits of the surface at the quantum
level, realization of which might help the physicists to
construct a consistent quantum theory of gravity.
Inspired by the mentioned motivation, we shall present
this work for a general null-surface. This is the general-
ization of the earlier work [21] by one of the above authors
where it has been shown that the charges corresponding
to the Killing horizon structure preserving conditions for
the Rindler metric exhibits noncommutative type alge-
bra. Since we know, in general, the null surface is not
a solution of any equation of motion of the spacetime,
it would be interesting to investigate such possibility for
a general null-surface. If the same result is obtained, it
would imply the results are very general and may have
some deeper significance to play a crucial role in revelling
the quantum nature of gravitational theories. Moreover,
since null surface is a local concept, the present analysis
will enlighten the “emergent nature of gravity”. In one
way the idea is the following. A local horizon (Rindler
horizon) can attribute temperature and entropy. In ad-
dition, the first law of thermodynamics leads to the Ein-
stein’s equation of motion for such a horizon [22] implying
that the gravity is emerged from the more fundamental
theory like thermodynamics. Therefore one would be in-
terested to investigate the null surface in this context to
see the generality of these concepts.
Here we shall consider the similar boundary conditions
as taken in some earlier works [9, 15, 21] and compute
2two different Noether potentials for the two components
of the diffeomorphism vectors and obtain the conserved
charges along those directions. The choice of the bound-
ary conditions on metric coefficients are based on the fact
that the structure of the null boundary does not change
after perturbation near the null surface. More precisely,
the only condition we impose is the location of null sur-
face must not change. Moreover, this is imposed only on
the time-radial sector of the metric – no condition on the
angular or the transverse part. In this sense, it is much
weaker condition compared to the other choices, existing
in literature [11–14] (see [23] for a complete list of refer-
ences), which are imposed on the full metric. We show
that the algebra between these charges, in a different ba-
sis, exhibits non-commutative algebra. Moreover, as we
shall show, following the Sugawara construction one can
also obtain the entropy from the Cardy formula.
To highlight the importance of our result and especially
of the obtained noncommutation algebra, we want to elu-
cidate a few facts. There are two recently developed well-
known methods to quantize the gravity; one is the string
theory and the other one is the loop quantum gravity. In
both the approaches, the non-commutativity plays the
important role in the theory. In this work, we shall show
that the algebra between the conserved charges, defined
on some particular basis, is non-commutative. These
charges are generated due to the null horizon preserving
symmetry. Moreover, these sets of charges will also show
the connection with the entropy of the surface. There-
fore, our work implies the close relationship with the near
horizon configuration and reveals the quantum nature in
terms of the noncommutative Heisenberg algebra on the
surface. Moreover, our analysis gets more justified as this
kind of algebra has also been obtained in string theory
[24] where the spacetime is non-commutative as well.
The whole analysis is done on a general null surface,
which is not a solution of any equation of motion and,
hence, all the results are off-shell. We shall exhibit the
whole work in the following manner. On the succeed-
ing section, the Gaussian null coordinates will be intro-
duced, on which the whole analysis will be performed.
Thereafter, the boundary conditions on the metric will
be imposed, from which the diffeomorphism vector will
be identified which preserves the near horizon structure of
the of a null surface. Later on, the conserved charges will
be evaluated along the different components of the dif-
feomorphism vector. On the same occasion, we shall also
define the brackets among the charges. The subsequent
section will contain the paramount of our analysis; where,
firstly, the Fourier modes of the charges and the brack-
ets will be calculated. Afterwards, choosing the different
basis of the charges, the noncommutative Heisenberg al-
gebra will be presented. We shall also define new gen-
erators of charges following the Sugawara construction
and it will be shown that one of the generators follows
the Virasoro algebra and gives entropy from the Cardy
formula. Finally, we shall present the summary and the
outlook of our analysis.
Notations: The Latin letters a, b, etc. stand for all
spacetime indices while A,B, etc. take transverse (or
angular) coordinates only. Moreover, we also use 0 which
imply a zero vector in transverse directions.
II. NEAR HORIZON SYMMETRY, CHARGES,
BRACKETS AND THE ALGEBRA
Due to the seminal work of Bondi, Mentzer and Sachs
(BMS) [25–27] and also of Brown and Henneaux [18], it
is known that one can define non-local conserved charges
in any theory in which local gauge symmetry is present.
Here, in the context of genaral relativity, we have dealt
with diffeomorphism as the local gauge symmetry and
have defined the charges and brackets on a null surface.
Instead of getting the Heisenberg algebra (which was the
case for many earlier works; such as [28–37]), here we
show that our set-up defines non-commutative Heisen-
berg algebra near the null horizon. In the following, we
have briefly described about the Gaussian null coordi-
nates (GNC) in which we have made our whole analy-
sis. Thereafter, we have defined the charges by fixing the
boundary value of the metric perturbation caused by the
diffeomorphism. Subsequently, the near horizon algebra
of the charges will be studied.
A. Null metric in Gaussian null coordinates (GNC)
The intent of this work is to survey the near-horizon
behaviour of an arbitrary null surface. In contemplation
of that goal, we shall briefly discuss about some precur-
sory constructions in this section. To describe the neigh-
borhood of a null-hypersurface, there exists a preferable
choice of a set of adapted coordinate system called the
Gaussian Null Coordinates (GNC). For more details on
how the metrics is constructed can be found in [38, 39].
The metric is given as
ds2 = −2rαdu2 + 2drdu − 2rβAdxAdu+ µABdxAdxB ,
(1)
where, r = 0 corresponds to the null surface. The same
has also been addressed earlier in [40]. Besides, the met-
ric components α, βA and µAB are the smooth functions
of all the coordinates u, r and xA and µAB is invert-
ible. On the null surface, one can attribute a set of null
vectors, one we choose as la = (lu, lr, lx
A
) = (1, 0,0),
and the other one, the complimentary null vector is cho-
sen as ka = (0,−1,0), so that gablakb = −1 is satisfied.
The covariant components of these two vectors are given
as: la = (−2rα, 1,−rβA) and ka = (−1, 0,0). Note,
la is a “Killing-like” (not exactly a Killing vector, as
one can verify easily) vector having the property that
it becomes a null vector on the (null) horizon. Neverthe-
less, as we shall argue later, la does not define a Killing
horizon. On the contrary, ka is a null vector through-
out the spacetime. Furthermore, la can be thought of
3as the future-outgoing null vector and ka as the future-
ingoing null vector as those two are related as laka = −1.
With this set of the null vectors, one can give a covari-
ant definition of the elemental surface area of the null
(d−2)-hypersurface (with d is the dimension of the whole
spacetime) as dΣab = −
√
hdd−2xA(lakb− lbka), where, h
is the determinant of the induced metric of the (d − 2)-
hypersurface. For the present case, one can check that
the explicit form of the elemental surface area can be de-
termined as dΣur = −√µdd−2xA whereas, dΣuA = O(r)
and dΣrA = 0. In the later part of our analysis, we
have defined the charges and the brackets which will be
computed on the close (d−2)-hypersurface on the neigh-
borhood of a null surface. Therefore, the finite non-zero
contribution in those calculations will come from only the
hypersurface which is transverse to the u and r directions
i.e., only from the term containing dΣur .
As we have mentioned several times in the paper, the
metric (1) in general is not chosen as a solution of equa-
tion of motion of gravitational field governed by a par-
ticular gravity theory. In our case, the theory will be
taken to be diffeomorphism invariant and the charge for
this symmetry, which we shall consider later, is for Gen-
eral theory of relativity (GR) (this is for simplicity, but
one can in principle consider any other diffeomorphism
invariant gravity theory as well). Of course, a choice can
be done for the metric parameters α, βA and µAB using
the equations of motion for gab; which is a subset of all
allowed null surfaces. Here we are not making any such
further restriction on them. So present analysis does not
use any information of gravitational field equations of
motion and, hence, the metric (1) in general may not be
a solution of a particular gravity theory, i.e. we are con-
sidering the whole set of null surfaces. Therefore, we call
this as an off-shell analysis.
B. Set-up: null surface preserving diffeomorphisms
and charges
In this section, we shall calculate the charges for the
diffeomorphism xa → xa+ξa which are chosen by the null
surface preserving condition, which means the location of
the null surface is unchanged. The diffeomorphism vector
ξa will be shown to have two components. Considering
each component as individual vector, we shall have two
different charges. The brackets among them, in order
to study the algebra between the Fourier modes of the
charges, will be calculated.
Our aim in this paper is to study the algebra of the
charges which are defined only for the diffeomorphism of
the u− r sector of the spacetime (1). For that we fix the
transverse component of ξa as zero, i.e., ξA = 0. Now,
the other two components of ξa can be determined by
the fact that the two components of the metric, grr and
gur, does not change along ξ
a and, therefore, are Lie-
transported. Hence, from the two conditions £ξgrr = 0
and£ξgur = 0, one can find out the non-zero components
of the vector ξa (see the appendix A for detail derivation):
ξu = F (u, xA); ξr = −r∂uF ; ξA = 0 ; (2)
and, hence, the covariant components are
ξu = r∂uF + α¯F ; ξr = F ; ξA = β¯AF ; (3)
where α¯ = −2rα and β¯A = −rβA. Here F is, for the
moment, an unknown function which depends only on u
and transverse coordinates xA. Note that the obtained
diffeomorphism vector becomes null on r = 0. Moreover,
it is easy to verify that £ξguu = O(r), which vanishes on
the null surface. Therefore, ξi is a Killing vector near the
horizon for only the u− r sector of the spacetime. Also,
note that the chosen conditions are like gauge only for
this sector of the metric (1), expressed in the particular
coordinates. Now, we define two vectors ξ±, which are
along the components of the vector ξa with the definition
ξ+ = (0, ξr,0) and ξ− = (ξu, 0,0). Afterwards, we shall
define all the charges and the brackets along these two
vectors, ξ+ and ξ−.
Before entering into the calculation, let us spend some
time on understanding the meaning of our imposed
boundary conditions. To construct a null metric in d
(spacetime) dimension, one needs d(d − 1)/2 number of
independent metric components. The metric (1) in Gaus-
sian null coordinates accords to that and r = 0 implies
a generic null surface. The main feature of a null sur-
face in GR is that it acts as a one way membrane in
the spacetime and it blocks information from the other
side. It is worthy to note that the blockage of the in-
formation is determined only by the u − r sector, while
the angular part of the metric does not play any role in
it. Therefore, as long as one is concerned with the null
features of the surface, one can only focus on the u − r
sector of the metric. Hence, the diffeomorphism vector
has been formed in such a way that it preserves guu, gur
and grr and, thereby, acting as the isometry in this sec-
tor which governs the characteristics of the null surface.
The other components of the metric (for instance grA)
might change along the diffeomorphism but, it does not
affect the null characteristics or the location of the null
surface (which is r = 0). Note that initially, the null
surface at r = 0 was the induced metric of the angular
coordinates (i.e. µAB) and, finally after diffeomorphism,
one is again left with the induced metric of angular co-
ordinates as the drdxA part of the metric vanishes (be-
cause, although metric component grA is non-zero under
these conditions, but at r = 0 it does not contribute,
as dr = 0, and hence again we obtain null surface). It
must be emphasised that our condition is much weaker
than treating the whole metric as diffeomorphism invari-
ant near the null surface and sufficient to make the null
character invariant. Here we shall show that this has an
interesting feature. Moreover, it must be mentioned that
same boundary condition was adopted earlier in various
cases. For instance, finding the entropy associated to
null surface in the context of Virasoro algebra [15]. Also
4similar one plays an important role in hydrodynamics of
gravity [41] and membrane paradigm - horizon Bondi-
Metzner-Sachs symmetry [42]. All these indicates that
ξa is not a Killing vector for the full metric. Rather ξa
appears as the Killing vector for the u− r sector only. If
we have imposed the condition that the whole spacetime
is unaltered due to the arbitrary diffeomorphism (i.e. by
considering £ξguA = £ξgrA = £ξgAB = 0 as well along
with our conditions for the u − r sector), then ξa would
have been a Killing vector. But, as has been mentioned
earlier, that is a more strong condition to be imposed on
the spacetime, whereas our condition is the minimum re-
quirement to keep null structure invariant and certainly
a much weaker one.
To calculate the charges and construct the algebra, one
has to calculate the components of the Noether potential
due to the diffeomorphism symmetry. This is, for General
theory of Relativity (GR), given by the anti-symmetric
tensor:
Jab =
1
16pi
[∇aξb −∇bξa] . (4)
For proceeding further, let us discuss why the above dif-
feomorphims can be applied in this form of Noether po-
tential. It is very much well known that the Einstein-
Hilbert action is invariant under any diffeomorphism
xa → xa + ξa. Therefore, one can obtain a conserved
Noether current Ja from the Noether’s theorem due to
the mentioned diffeomorphism invariance of the action.
As Ja is conserved (i.e. ∇aJa = 0), one can write Ja
as Ja = ∇bJab. For the GR case, the Noether potential
is given above. The conserved Noether charge is then
defined as Q =
∫
dΣaJ
a over a bulk three-volume trans-
verse to a (usually timelike) congruence. The integral
can be farther expressed in terms of the surface integral
(using the Gauss’s law) as Q = (1/2)
∮
dΣabJ
ab, where
the surface encloses the three-volume and is compact. If
there is a horizon in the spacetime, the compact surface
in the Gauss’s law consists of the horizon and the asymp-
totic infinity. Usually, the horizon part is related to hori-
zon entropy. More precisely, Wald showed that if one cal-
culate this on the horizon for a timelike Killing vector and
multiply it by 2pi/κ (κ is the surface gravity), this turns
out to be the entropy of black hole (see [43, 44]). With
this idea we define our charge as Q = (1/2)
∫
dΣabJ
ab
where the calculation will be done on the horizon (here
it is on the null surface). The important point is that in
this definition till now ξa is completely arbitrary which
is reflected from the fact of the symmetry of the action
under any diffeomorphism.
Now, to relate this charge to some physical quantity,
one has to choose ξa using particular condition. One such
condition is that due to the diffeomorphism xa → xa+ξa,
all the metric components are invariant. Then that par-
ticular choice of ξa is known as the Killing vectors. This
is usually followed extensively and a subset of all pos-
sible allowed diffeomorphism which keeps the action in-
variant. But there is no hard and fast rule to choose
them in this way; it is merely a particular choice of ξa.
As we explained earlier, in our definition of charge, ξ is
completely arbitrary. Keeping this in mind, we provide
another choice of them by imposing the condition that
the null metric remains null. As explained earlier, we find
that for this the sufficient condition is it leaves the u− r
sector of the metric invariant. Precise meaning of such
condition is– it is the minimum criteria for the location of
the null surface being unchanged. Such a choice has been
taken earlier and it has interesting connection with hori-
zon entropy [15] and fluid-gravity correspondence [41]. In
literature, there is another important choice of boundary
condition exists which keeps the asymptotic form of the
metric invariant. This set of boundary conditions gives
rise to the superrotation and supetranslation algebra [45].
As already mentioned that the charge is defined for any
ξa and since there is no unique way to choose this, one
has the freedom to find ξa by different boundary condi-
tion. Of course, the choice should be such that it leads
to any meaningful quantity. With this spirit, we have
adopted another method to fix the gauge. We choose
those particular ξa vectors for which only the location of
the null surface is unchanged. Moreover this keeps the
null surface as null again. We found that our choice is the
minimal condition on the metric coefficients which does
not violet the nature of the surface at r = 0 (it remains
null under these boundary conditions). In this sense the
present one is weaker condition than the earlier one. This
symmetry is very much significant in the context of GR
as the obtained diffeomorphism gives rise to the entropy
[15] of the null horizon. Therefore, our method of fixing
the gauge has no connection with those which results in
the superrotation and supetranslation algebra; both are
different in nature. As far as the motivation is concerned,
here we shall show that gauge degrees of freedom, which
raises to the true degrees of freedom due to the horizon
preserving conditions and attribute to the entropy. More-
over, the conditions are imposed by the physical reason
that the null surface remains null.
Here, only Jur is needed to be computed to calculate
the charge which is given as
Jur =
1
16pi
[∂rξ
r − ∂uξu + β¯A∂Aξu (5)
+(∂rα¯− β¯A∂rβ¯A)ξu] .
Now, if we calculate the potential along ξ+ and ξ− with
the definition Jur(±) = J
ur[ξ±], the expressions will be
given as
Jur(+) = −
∂uF
16pi
, (6)
and
Jur(−) = −
1
16pi
[∂uF + 2αF ] +O(r) . (7)
The calculation of the corresponding charges are very
straightforward, which are defined as [8]:
Q± = (1/2)
∫
H
dΣabJ
(ab)
(±) , (8)
5where H stands for the fact that the integration has to
be evaluated on the null surface r = 0 for the metric (1).
Let us now comment on one more fact which shall be
followed throughout the analysis. We define charge as
the surface integral of the Noether potential which has
to be evaluated on the mentioned null surface. Now, the
metric components α, β and the determinant of µij can
be expanded in Taylor series as a function of r. For ex-
ample, α(r, u, xA) = α0(u, x
A) + rα′0(u, x
A) + .... So, at
the null surface, the leading order terms of these quan-
tities, such as α0, β0, µ0, will contribute. But, for the
sake of convenience, we shall keep them as α, β and µ.
However, a prudent reader must understand that those
are actually the leading order terms when they appear
on the charges and later on the brackets of the charges
which shall be calculated on the horizon.
Following the definition of the charge (8), one can ob-
tain
Q+ =
1
16pi
∫ √
µdd−2xA(∂uF ) , (9)
and
Q− =
1
16pi
∫ √
µdd−2xA[∂uF + 2αF ] . (10)
Now we need to obtain the bracket among these
charges. In literature there is no unique way to define
it. Among various definitions [46, 47], we shall use here
the following expression:
[Q1, Q2] :=
∫
H
dΣab[ξ
a
2J
b
1 − ξa1Jb2 ] (11)
which was obtained by one of the authors with T. Pad-
manabhan in a earlier work [8]. Subsequently, this has
been used in several contexts (see, [9–15, 21] for exam-
ple). The connection with other ways of defining the
bracket has been discussed in [21, 46]. It is obvious from
the above that one needs to calculate the components of
current Ja which is related to Jab by Ja(±) = ∇bJab(±) .
The explicit form of the currents are given as
Jr(+) =
1
16pi
[∂2uF + (∂uF )∂u(ln
√
µ)] +O(r) , (12)
and, similarly,
Jr(−) =
1
16pi
[
∂2uF + [2α+ ∂u(ln
√
µ)]∂uF
+[2∂uα+ 2α∂u(ln
√
µ)]F
]
+O(r) , (13)
where, we have used the fact that JrA(±) = O(r). The
relevant brackets, calculated by using (11), are found to
be:
[Q+1 , Q
+
2 ] =
∫
dΣur[ξ
u
2 J
r
1(+) − ξr2Ju1(+)]− (1↔ 2)
=
1
16pi
∫ √
µdd−2xA[(F1∂
2
uF2 − F2∂2uF1)
+(∂u ln
√
µ)(F1∂uF2 − F2∂uF1)] ; (14)
[Q−1 , Q
−
2 ] =
∫
dΣur [ξ
u
2 J
r
1(−) − ξr2Ju1(−)]− (1↔ 2)
=
1
16pi
∫ √
µdd−2xA[(F1∂
2
uF2 − F2∂2uF1)
+(2α+ ∂u ln
√
µ)(F1∂uF2 − F2∂uF1)] ; (15)
and
[Q+1 , Q
−
2 ] =
∫
dΣur[ξ
u
2 J
r
1(+) − ξr2Ju1(+)]
−[ξu1 Jr2(−) − ξr1Ju2(−)]
=
1
16pi
∫ √
µdd−2xA[(F1∂
2
uF2 − F2∂2uF1)
+2αF1∂uF2 + (2∂uα+ 2α∂u ln
√
µ)F1F2] . (16)
Once again, let us remind that α and µ are the leading
order contributions of the same quantities in the above
equations (14), (15) and (16). In the above three equa-
tions, we need not put the value of Ju1(±) and J
u
2(±) as
those are multiplied with ξr2 and ξ
r
1 respectively, which
are O(r). Next we need to find the Fourier modes of the
above charges and brackets by using the Fourier decom-
position of the function F . In this process one needs to
perform the integrations.
As a mindful reader has already noticed, the integra-
tions of the equations (9), (10), (14), (15) and (16) are
not exactly obtainable in the required form as the ex-
plicit form of the functions α and µ are not exactly
known. But, one is needed to solve those for the sake
of obtaining a compact near-horizon algebra. Some ear-
lier works has been tried to compute similar integrations
under some assumptions without giving the physical ex-
planations of those assumptions. For example, in [15] it
has been presumed that α and the transverse metric co-
efficients µAB are independent of the coordinate u and
a particular transverse coordinate, which does not corre-
spond to any physical situation. However, in our work
we shall show that considering the leading order contri-
butions of α and µ as independent of only one coordinate
u is enough for the purpose. It is needed to be mentioned
that although it is assumed that µ is independent of u,
does not require that all the components of µAB to be
independent of u – only the determinant of the metric is
needed to fulfil that criteria. Since we can set the “re-
stricted liberty” on µAB that the components may be
the functions of u, therefore, it can be shown that the
horizon, we are interested in, is not a Killing horizon.
A more general discussion, whether la defines a Killing
vector, is tested on the appendix B. In this sense, the
present condition is much more weaker than that taken
in [15]. Under these weaker restrictions Eqs. (14), (15)
and (16) reduce to the following forms:
[Q+1 , Q
+
2 ] =
1
16pi
∫ √
µdd−2xA[(F1∂
2
uF2 − F2∂2uF1) ;
(17)
6[Q−1 , Q
−
2 ] =
1
16pi
∫ √
µdd−2xA[(F1∂
2
uF2 − F2∂2uF1)
+2α(F1∂uF2 − F2∂uF1)] ;
(18)
and, the last one
[Q+1 , Q
−
2 ] =
1
16pi
∫ √
µdd−2xA[(F1∂
2
uF2 − F2∂2uF1)
+2αF1∂uF2] .
(19)
Before going into the next step, let us mention the
possible meaning of the condition: µ is independent of
u. Consider an apparent horizon, which is a marginally
trapped surface [48] and, hence, is determined by the
conditions of the expansion parameters Θ(l) = qab∇alb =
0 and Θ(k) = qab∇akb < 0, where qab = gab + lakb +
lbka. Now for the present metric (1), Θ
(l) = ∂u ln
√
µ and
Θ(k) = −∂r ln√µ. This implies, near the null surface
r = 0, Θ(l) vanishes, provided µ is independent of u.
Also one can note that the other condition Θ(k) < 0 is
automatically satisfied. In this sense, the condition, µ
is independent of u, implies that the near null surface
geometry is a particular class of null surface, known as
apparent horizon. This was not mentioned in the earlier
work [15]. However, the physical implication of assuming
α as independent of u is still left as an open problem.
In the following section we shall calculate the Fourier-
modes of the charges and the brackets where we shall use
these information to get the explicit values of the charges
and the brackets.
C. Algebra
Now, to calculate the Fourier modes of the charges and
the brackets, we first define the Fourier modes of F as
Fm = (1/a) exp[im(au+ pAx
A)] , (20)
where, m and pA include all the positive and negative
integers. Also, the periodicity of the coordinate u has
been accounted, given by R = 2pi/a with a being a con-
stant. Later it will be shown that this periodicity will
help us to execute these intractable integrations. The
detail method of solving the integrations of the Fourier
modes of the charges and the brackets is described in the
appendix C by taking the leading order term of µ and α
as independent of u on the horizon. From (9) and (10),
using the key results of (C3) and (C4), we find:
Q+m = 0 ; Q
−
m =
C
2
δm,0 ; (21)
and (17), (18), (19) yield
[Q+m, Q
+
n ] := 0 ; [Q
−
m, Q
−
n ] := −iCmδm+n,0 ;
[Q+m, Q
−
n ] := −i
C
2
mδm+n,0 ; (22)
where C = αA/4pia with A being the transverse surface
area, as defined in the appendix C. The expression of
the Fourier modes of the charges and the brackets look
exactly similar to the same of the earlier work [21] by one
of us for the Rindler spacetime. Here we show these are
much more general – valid even for a generic null surface
in the Gaussian null coordinates.
Now let us discuss the underlying significance of the
above results. For that we need go in a new basis. This
is exactly similar to the earlier work [21]. We make our
choice as follows:
P0 = Q
+
0 +Q
−
0 , Pm = AQ
+
−m +BQ
−
−m(with m 6= 0) ,
Xm = CQ
+
m +DQ
−
m ,
(23)
where, the coefficients A, B, C and D have some freedom
to take particular values. Here, we show that for some
compulsive choice of these coefficients, we get the non-
commutative algebra near the null horizon.
Case 1: For the choiceA = B = ±1/(Cm) and C = D =
∓1/2 one gets the anti-commutation algebra between Xn
and Pn, which is given as follows.
[Xm, Xn] = − i(m− n)C
4
δm+n,0 ;
[Pm, Pn] =
4i
(m− n)C δm+n,0 ; [Xm, Pn] = iδm,n .
(24)
Case 2: If one chooses A = −1/(Cm) ±
(
√
1 + 1/m2)/C − (1/m ±
√
1 + 1/m2), B = 1/m ±√
1 + 1/m2, C = −(1 + 1/C) and D = 1, one gets
[Xm, Xn] =
i
2
(m− n)δm+n,0 = [Pm, Pn] ;
[Xm, Pn] = iδm,n . (25)
Case 3: Another choice is being made as follows. A =
−2/m, B = 2/m, C = −(1 + 1/C) and D = 1. Then
the brackets are
[Xm, Xn] =
i
2
(m− n)δm+n,0 ; [Pm, Pn] = 0 ;
[Xm, Pn] = iδm,n . (26)
Case 4: Lastly, we show that another choice is possible
which is as follows. A = 2/(mC)−m/2, B = m/2, C =
1 and D = −1. Then
[Xm, Xn] = 0 ; [Pm, Pn] =
i
2
(m− n)δm+n,0 ;
[Xm, Pn] = iδm,n . (27)
These anti-commutation relations near the null-horizon,
shown in the above equations (24), (25), (26) and (27),
are the key results of our analysis. Note, the same was
obtained earlier for the Rindler metric [21] which is a
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efficients. As was for the prior case, the results shown
above illustrates the “restricted” non-commutative alge-
bra since the non-commutativity prevails only for the
condition m + n = 0 and not for any arbitrary m or
n.
Before going to the next stage, let us now discuss
the necessity of the present analysis. Rindler frame
is adopted by an uniformly accelerated observer on a
Minkowski spacetime. Therefore, even if the metric co-
efficients are coordinate dependent, the spacetime is still
inherently flat. Note, in that case (Rindler), only metric
coefficients corresponding to (u−r) sector depend on co-
ordinates while the transverse ones are constant as this
sector is a flat plane. Although, equivalence principle
accounts the role of accelerated frame in exploring grav-
ity; but in some situation all features of the true curved
spacetimes do not emerge from this simple model. For
example, at the classical level the motion of a particle is
non-trivially effected in presence of curved background
and also in the case of Hawking radiation, which is a
quantum phenomenon, the emitted spectrum is modified
by the grey body factor. On the other hand, in Rindler
spacetime, one does not account these – the emitted spec-
trum is purely Planckian in nature. These suggest that
one needs to incorporate the true curvature in spacetime
metric to know more about gravity.
It has been a general belief that the local nature of
gravity can be always interesting. Now, locally an ob-
server can adopt a null surface, metric coefficients of
which is spacetime dependent in a general scenario. Con-
sidering such situation, one can write a d dimensional
metric (1) in coordinates adapted to this null surface. In
this case, only one restriction is that, on the null surface,
the induced metric is only the (d− 2) dimensional trans-
verse surface. These indicate that the metric coefficients
are not necessarily restricted to a Rindler one. Acceler-
ated (or Rindler) frames can be regarded as a subset of
particular kind. Another example can be more illumi-
nating. The near horizon structure of a Kerr black hole,
is not exactly a Rindler one [49]. It has a form similar
to our present metric (1) with some more restrictions on
the coefficients. Therefore, any feature related to Rindler
metric is not guaranteed by other null cases and, hence,
those must be tested in order to find the generality of
them. Therefore, it is necessary to investigate the valid-
ity of the earlier result of [21] in the case of GNC.
In our present analysis, we have taken the most gen-
eral metric (in GNC) for a null surface (see [38, 39] for
the construction of the metric) whose metric coefficients
are functions of coordinates. Moreover, the metric coef-
ficients can depend on timelike coordinates as well. This
is the crucial difference between the Rindler form and
our present form. In that sense our situation is much
more general. As we have shown that one can formulate
the non-commutative Heisenberg algebra for the metric
in GNC, the result will hold for any null surface– includ-
ing the horizon of a Kerr black hole or any other Rindler
horizon as well. This indicates that the obtained prop-
erty has a wide generality.
Here, we have made a particular type of linear com-
bination of our primary charges (see Eq. (23)). The
primary goal is to get an algebra between Xm and
Pm such that they satisfy the Heisenberg algebra i.e.
[Xm, Pn] = iδm,n. Motivation for such aim is the follow-
ing. In quantum mechanics, position and the correspond-
ing momentum do not commute which plays a huge role
to get a quantum description of any system. Since, till
date, no successful quantum description of horizon exists
in literature, it may be worthy to think in this direction.
Therefore we demanded such algebra as a staring point.
Now given this, we found that there are four possible
choices of the coefficients A, B, C and D. In all cases,
the algebra is not the usual one. We have obtained three
types of anti-commutativity. Case 1 and case 2 repre-
sents the anti-commutativity in both Xm and Pm. Case
3 represents the anti-commutativity in Xm only, whereas
the Pm commutes. Lastly, case 4 represents the anti-
commutativity in Pm only, where Xm commutes. In this
respect the choices are not arbitrary.
Let us now understand why we have decomposed ξa
in terms of specific ξ+ and ξ− vectors. The reason is
the following. Remember, the spacetime (1) represents
a generic null surface at r = 0. Interestingly, the same
surface is also represented by u = constant. So on the
null surface, we have two normals: one is along r direc-
tion and other one is along u direction. Both of them
are null vectors on this surface. This is consistent with
the general feature of null surface: one can always find
an auxiliary null vector corresponding to the null vector
which defines the location of the null surface. Hence, in
the present situation, we can choose a null-null basis to
analyze the properties of the surface. Here one is along r
direction and other one is along u direction and any ten-
sorial quantity can be decomposed in these basis. This
is the main motivation of our present decomposition of
ξa vector as null-null basis is quite natural to examine
the behavior of null surfaces. We are interested to see
the algebra of the charges which are defined along these
two directions (i.e. along ξ+ and ξ−). Moreover, as we
shall address in the conclusion, individually ξ+ and ξ−
preserve the null surface structure like ξa. In this sense,
the division of ξa along ξ+ and ξ− is unique.
However, one can choose other basis like, ξ1 =
(bξu, aξr,0) and ξ2 = (dξu, cξr,0) with a + c = 1 and
b + d = 1 1. In that case the algebra of the charges
along these direction can be derived from (22). The new
charges in terms of the earlier ones are
Q1m = aQ
+
m + bQ
−
m ;
Q2m = cQ
+
m + dQ
−
m . (28)
So using (22), one finds the algebra among the above
1 We thank the referee for bringing this point to our mind.
8charges as[
Q1m, Q
1
n
]
=
(
− ab− b2
)
iCmδm+n,0 ;[
Q1m, Q
2
n
]
=
(
− a
2
+ ab− 3b
2
+ b2
)
iCmδm+n,0 ;[
Q2m, Q
2
n
]
=
(
− 2 + 3b+ a− ab− b2
)
iCmδm+n,0 .(29)
Note that the above will reduce to (22), for a = 1 and
b = 0. Here we discuss for different values of a, b; i.e. the
basis can be different from r and u directions. In this
case again one can show that the combination like (23)
satisfies similar non-commutative Heisenberg algebra in
the following manner.
We define,
P0 = Q
1
0 +Q
2
0 = Q
+
0 +Q
−
0 ,
Pm = A˜Q
1
−m + B˜Q
2
−m = AQ
+
−m +BQ
−
−m ,
Xm = C˜Q
1
m + D˜Q
2
m = CQ
+
m +DQ
−
m . (30)
In this case,
A = A˜a+ B˜c , B = A˜b+ B˜d ,
C = C˜a+ D˜c , D = C˜b+ D˜d . (31)
The same anti-commutative Heisenberg algebra between
Xm and Pm can be obtained in this case as well for the
four sets of choices of A, B, C and D once one demands,
like earlier, [Xm, Pn] = iδm,n. The coefficients A˜, B˜, C˜
and D˜ can be obtained by solving (31), which is given as
A˜ =
Ad−Bc
ad− bc , B˜ =
Ab −Ba
bc− ad ,
C˜ =
Cd−Dc
ad− bc , D˜ =
Da− Cb
ad− bc . (32)
Thus, similar to Case 1, if we want to obtain the same
algebra between Xm and Pm as given in (24), the choices
of A˜, B˜, C˜ and D˜ will be:
A˜ = ± 1
mC
c− d
bc− ad , B˜ = ±
1
mC
a− b
ad− bc ,
C˜ = ∓1
2
c− d
bc− ad , D˜ = ∓
1
2
a− b
ad− bc . (33)
To obtain the algebra between Xm and Pm as given in
(25) (Case 2), the choices of A˜, B˜, C˜ and D˜ will be:
A˜ =
− 1
m
( d
C
+ c+ d)± (
√
1 + 1
m2
)( d
C
− c− d)
ad− bc ,
B˜ =
− 1
m
( b
C
+ a+ b)± (
√
1 + 1
m2
)( b
C
− a− b)
bc− ad ,
C˜ = −c+ d+
d
C
ad− bc , D˜ =
a+ b+ b
C
ad− bc . (34)
Again, similar to case 3, we obtain the algebra between
Xm and Pm as given in (26) for the following choices of
A˜, B˜, C˜ and D˜.
A˜ = − 2
m
c+ d
ad− bc , B˜ = −
2
m
a+ b
bc− ad ,
C˜ = −c+ d+
d
C
ad− bc , D˜ =
a+ b+ b
C
ad− bc . (35)
Lastly, similar to case 4, we obtain the algebra between
Xm and Pm as given in (27) for the following choices of
A˜, B˜, C˜ and D˜.
A˜ =
2d
mC
− m2 (c+ d)
ad− bc , B˜ =
2b
mC
− m2 (a+ b)
bc− ad ,
C˜ =
c+ d
ad− bc , D˜ = −
a+ b
ad− bc . (36)
Note, for a = 1 and b = 0, we obtain A˜ = A, B˜ = B,
C˜ = C and D˜ = D in each case which corresponds to
our earlier result. This analysis indicates the results are
indeed basis independent.
So far, to define Xm and Pm, we have taken the linear
combinations of the Fourier modes of the charges. Let
us now take the combination of the charges according to
the Sugawara construction to define the new generators
in the following manner:
J±m =
1
2C
∑
p
Q±m−pQ
±
p + imQ
±
m . (37)
Below, we get the interesting algebra of the newly defined
generators as follows
[J+m, J
+
n ] = 0 ;
i[J−m, J
−
n ] = (m− n)J−m+n +m3Cδm+n,0 ;
[J+m, J
−
n ] =
m2
2
Q−m+n − i
m3C
2
δm+n,0 ; (38)
The second relation in the above defines the Virasoro
algebra, with the central charge(C˜) is defined as C˜ =
12C. Also, note that in this case J−0 = (1/2C)(Q
−
0 )
2
and, hence, we define the entropy of the null surface as
S = (2pia/α)Q−0 = (2pia/α)
√
2CJ−0 . Therefore one can
write the entropy in terms of the Cardy “like” formula
as
S = 2pi
√
C˜J−0 a
2
6α2
. (39)
Thus, the obtained results for the Rindler horizon of [21]
can be further extended for a more general null horizon.
Moreover, since the null surface is a local concept, the
above expression for entropy can be described as a local
form of Cary formula.
In the original work of Cardy [17], the relation between
the entropy and the Virasoro algebra via Cardy’s formula
was obtained due to the conformal symmetry in (1 + 1)
dimensional Minkowski spacetime. The finding of Vira-
soro like algebra in the case of black holes in the near
9horizon regime [19, 20] may be a deeper fact. In Cardy’s
work things happen at the quantum level while in gravity
this is obtained at the classical computation. Therefore
this similarity is not so obvious. Usually, application of
the standard Cardy formula leads to the entropy which
matches with that of horizon. Therefore, the validity of
Cardy formula in curved spacetime although not clear
but it works well.
In the present case, we adopted a reverse approach.
Here the standard expression of the entropy has been
taken into account. Then considering the algebra among
the charges for null case, the central charge has been iden-
tified. It has been observed that combination of these
information leads to the Cardy like expression (39). This
we call as a local version of Cardy formula for the fol-
lowing reasons. First of all, the choice of the null metric
is a local concept as locally an observer can always per-
ceive a null surface adapted to its frame. Secondly, the
boundary conditions, which have been imposed on the
metric coefficients, are local in nature as they are satis-
fied near the null surface. In addition, the validity of the
local version of Cardy formula is may be due to the fact
that one can always obtain a locally inertial frame even
in the curved manifold. A similar expression of Cardy’s
formula, in the context of a null surface, has also been
obtained in [15] as well in a different method. However,
both the results (ours and of [15]) imply the astonishing
robustness of Cardy’s formula which was not predicted
earlier.
Let us now comment on one important difference of our
work from that of Carlip [20]. Although both the ideas
are equivalent, there is a subtle difference in the two ap-
proaches. In Carlip’s approach, the algebra of the charge
is obtained due to the asymptotic Killing symmetry of
the Killing horizon. In that case, the diffeomorphism vec-
tor is an asymptotic Killing vector near the horizon for
the full spacetime and, consequently, the different Fourier
modes of the same charge lead to the Virasoro algebra:
i[Qm, Qn] = (m− n)Qm+n + C
12
m3δm+n,0 , (40)
where C is known as the central charge, which is con-
nected to the entropy by the Cardy’s formula. On the
other hand, our present null surface is not necessarily be
a Killing horizon and the diffeomorphism vectors are cho-
sen to asymptotic Killing for only (u − r) sector. Hence
these are not Killing for the full spacetime. Consequently,
the algebra of the corresponding charges are not cen-
tral extended Virasoro algebra. Rather we find that a
non-linear combination of them satisfies Virasoro alge-
bra. Moreover, we study the algebra of two different
charges Q+ and Q−, which are defined along radial and
u directions both of which are corresponds to null vectors
on the null surface.
Remember that the original Virasoro algebra is the
bracket among the charges of fields corresponding to the
conformal symmetry in (1 + 1) dimensional Minkowski
spacetime. It comes after the quantization of the fields
on this spacetime which also acquires this conformal sym-
metry. So such an algebra is a pure consequence of quan-
tum field theory. On the contrary, in gravity similar type
of algebra is purely classical result. In our present case,
the specific combination Xm and Pm of the base charges
Q+m and Q
−
m leads to the interesting (anti-commutative)
Heisenberg algebra. As it is well known that the commu-
tation relation [X,Y ] = i~ originally comes from quan-
tum mechanics. This is due to the inherent uncertainty
in measurement of two observables X and Y simultane-
ously and it acts as a building block for the quantum
nature of a system. So it is evident that both Virasoro
and Heisenberg algebra are related to quantum nature
of a system while their structure is different from each
other.
III. CONCLUSIONS AND OUTLOOK
The essence of any quantum theory is the commuta-
tion relations among the associate quantities present in
the theory. Unfortunately, as mentioned earlier in numer-
ous occasions, the quantum theory of gravity is yet to be
developed in a consistent manner. Though the recently
developed theoretical frameworks, namely the string the-
ory and the loop quantum gravity, is currently trying
to formulate a persuasive theory in the realm of quan-
tum gravity, a convincing theory is not contrived yet. In
this circumstances, people are trying to find out different
ways which can shed some light on the quantum nature
of gravity. We want to mention that some similar works
[28–37] are going on along the same route of this work
where the bracket algebra (formulated in the same spirit
as of the commutation relation in quantum mechanics)
between the conserved charges are being studied. Ear-
lier, one of us has explored the similar non-commutative
algebra on the neighborhood of the null surface in the
Rindler background. Therefore, this work is the general-
ization to the earlier one which justifies the acceptability
of the previous results in a much more general scenario.
However, as shown in our analysis, when the spacetime
is described using GNC, lots of complexities emerges in
the picture.
Here, we have imposed the boundary conditions of the
metric perturbation and have identified the set of dif-
feomorphism vectors ξi that preserves the null horizon
structure. After that, we have computed the conserved
charges along the components of the diffeomorphism vec-
tor and also have defined the brackets of the charges.
Later on, the Fourier modes of the charges and brackets
have been computed. On that course, we have mentioned
the challenges that one faces to get a compact algebra
and have mentioned the procedure to overcome it. Also,
it has been clarified that the surface, which we are deal-
ing with, is not a Killing surface even with our assump-
tions. As one can easily point out, the algebra shown
by the brackets of the charges are insignificant. Later,
we were keen to know, whether these algebras show any
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physical importance in different basis of the charges. In-
terestingly, the answer we have found is “Yes!”. As we
have shown, one can define four different basis of charges
for which one gets noncommutative Heisenberg algebra.
However, the noncommutativity exists only for some par-
ticular choices of the Fourier modes. Therefore, one can
say the algebra can be categorized as a “restricted” class
of noncommutative Heisenberg algebra. Thereafter, we
have defined Sugawara like construction of the conserved
charges and it has been shown that one class of the gen-
erators of charges satisfy the Virasoro algebra and the
entropy of the surface can be determined from the ze-
roth mode of charges using the Cardy formula. It reveals
the thermodynamic connection of the conserved charges
which arise due to the symmetry conditions of the hori-
zon configuration.
As we said, the charges Q+ and Q− are defined
in this work corresponds to ξ+ and ξ−, respectively.
Now if we consider only ξ+, it changes our metric in
the following way: δξ+gur = −∂uF , δξ+grr = 0 and
δξ+guu = −2r∂2uF − r(∂rα¯)(∂uF ) = O(r); while ξ−
changes as δξ−gur = ∂uF , δξ−grr = 0 and δξ−guu =
2α¯∂uF + (∂uα¯)F = O(r). This shows that the location
of the null surface does not change under any one of the
diffeomorphism vectors as the null surface is determined
by the condition l2 = gabl
alb = guu = 0 (note, here only
u component of la is non-zero) and for both cases the
leading order correction to δguu is O(r). It implies the
individual vector also respects our original imposed con-
dition to find ξu and ξr.
As mentioned earlier, the study of these algebra on
a null surface might enlighten the obscure quantum na-
ture of the gravity as the noncommutativity between the
charges (the origin of which is solely determined by the
configuration of the null surface) is apparent. It is true
that we cannot exactly say whether this quantities, man-
ifesting the noncommutativity, correspond to the physi-
cal observables. Nevertheless, our analysis provides the
glimpse on the quantum nature that arises due to the
configuration of the spacetime. Moreover, the null sur-
face is a local concept and, in general, is not the solu-
tion of any equation of motion of the spacetime. Also, it
shows all the thermodynamic features. Therefore, in the
context of emergent gravity paradigm, where the gravity
is considered as the outcome of more fundamental inter-
actions (i.e., thermodynamics), the null surface is highly
regarded. Hence, this analysis is important in the theory
of emergent gravity as well.
Let us now comment on the connections and the com-
parisons with the contemporary works. As mentioned
earlier, this type of algebra has also been obtained in the
string theory [24]. In that case, the spacetime is itself
noncommutative. Moreover, the works which are alike
to this one [28–37], shows similar results but, those anal-
ysis are confined to the three dimension and the algebra
which they show is the usual Heisenberg one. On the
contrary, our analysis is valid in any dimensions of the
spacetime. Moreover, our algebra casts more light on the
quantum nature of the surface as it is noncommutative.
Some of the open issues are needed to be taken care.
In our calculation, the assumption is considered to be as
α and µ are independent of coordinate u. Although it
appears to be “OK” as we have shown that this does not
lead to r = 0 null surface as Killing horizon. In that
sense, the present analysis reflects the properties of a
generic null surface. But it would be interesting to see if
such happens without invoking any assumption as input.
Another point has to be noted is that the main results in
this paper depends on the specific choice of the Fourier
modes of the unknown function F , given by (20), seems
to be “add-hoc” as there is no such, in general, clear pe-
riodicity in the coordinates for the metric (1). But what
is important is that such a choice works well. So one has
to look for the justification for this choice. More impor-
tantly, we need to see if this is an unique one or there
is other choice. It must be mentioned that the same has
also been adopted earlier. To tell more on this, in our
work, we have taken the periodicity of the u coordinate
which is essential for obtaining the compact values of the
Fourier charges and brackets. The time coordinate in a
Lorentzian manifold, in general, has a periodicity in the
Eucledian space. The Schwarzschild metric or even the
Rindler metric can be the examples for that. The idea
of utilizing the periodicity of the time coordinate in the
Fourier mode of the generating function (in our case Fm)
was followed from the earlier work [46] and was used in
several works by one of the authors [8–13], which was
later followed by many other works [14, 15, 50–52]. Re-
cently, the same idea has been used for the same metric
in GNC as well [15] while obtaining the Virasoro algebra,
where the periodicity of u has been used. So, our assump-
tion of periodicity in the u coordinate is not a bizarre or
unfamiliar one. This is widely used in the several works
in this line. In our case (or in [15]), the periodicity in u is
imposed and it is taken to be the same of retarded time
coordinate in the Rindler metric. It is because under the
certain assumptions in the near null limit, the metric in
GNC resembles to the Rindler one. Periodicity of Eucle-
adian timelike coordinate is common in the discussion of
thermodynamics of horizon [53]. Since we are also inter-
ested to thermodynamics, it is quite natural to consider
such input in this case as well. Such an analysis is semi-
classical in nature. Therefore, it can be considered as
a mere limitation of the analysis and certainly not as a
drawback. Moreover, as mentioned earlier, people find it
reasonable to go with this limitation and we too found
the same in our work as well. Our intention here is to ex-
plore the more deeper meaning of the imposed boundary
condition within the existing approaches. But certainly,
there is option to improve this.
Our proposal – presence of noncommutative Heisenberg
hair on the horizon – in this and in the previous work
[21] implicates that the surface structure the horizon is
much “richer” than what was predicted by the earlier
works. The whole result is general and can be fitted in
any theory of gravity. Hope we can provide more insights
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in this regards in near future.
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Appendix A: Obtaining ξa in Eq. (2)
Let us consider the first condition £ξgrr = 0, which
implies ∇rξr = 0. Hence
gri∇rξi = 0 . (A1)
One can write (A1) further as
∂rξ
u + Γurrξ
r + Γuurξ
u = 0 . (A2)
Since Γurr = Γ
u
ur = 0 (see [39]), one can obtain the ex-
pression of ξu given in the Eq. (2).
We now take the second condition, £ξgru = 0. It im-
plies gui∇rξi + gri∇uξi = 0, which further results in
guu[∂rξ
u + Γuriξ
i] + gur[∂rξ
r + Γrriξ
i] + gru[∂uξ
u
+Γuuiξ
i] + guA[∂rξ
A + ΓAriξ
i] = 0 . (A3)
If one substitutes the values of ξu and of all Γ’s from [39],
the final expression of (A3) reduces to ∂rξ
r + ∂uF = 0,
from which one can obtain the expression of ξr given in
Eq. (2).
Appendix B: Killing horizon?
In our analysis, we have taken α and µ being inde-
pendent of the coordinate u only on the null surface,
as the leading order contribution of these quantities are
considered to be independent of u. Besides, the null sur-
face r = 0 in our case is defined by the vanishing of the
norm of the vector la = (∂/∂u)a. So the natural question
comes in one’s mind: Are the imposed conditions lead to
the fact that the null surface, in our analysis, is a Killing
horizon? However, we shall show that la does not define
a Killing horizon.
For our present metric (1), one can check that
£lgab = ∂ugab . (B1)
At the first glance, one might be tempted to remark that
our assumption, that the leading order contribution of α
and µ are independent of u, might lead to the fact that
la is a Killing vector on the null surface. However, this
is not the case. It must be noted that not all the met-
ric components are needed to be independent of u and
therefore right hand side of the above does not vanish for
all values of indices a and b. Let us explain the reason
little elaborately. As it has been mentioned earlier, we
have taken the determinant of transverse metric µ being
independent of u; not all the components of µAB. In this
situation one can analytically verify that µ can be inde-
pendent of u even though µAB depends on it. Secondly,
la does not satisfy the Frobenius theorem as it is not
hypersurface orthogonal all over the spacetime. For this
reasons, we can say that our assumptions do not imply
the null surface, defined by l2 = 0, to be a Killing one.
One might be interested to seek if there is any other
possible Killing vector, satisfying the Frobenius theorem,
whose vanishing norm defines our r = 0 null horizon as
a Killing one. The answer will be “No”. We have taken
α and µ to be independent of u only and not of any
other coordinate. Therefore, we cannot imagine that the
Killing vector to be a linear sum of two vectors (as is the
case of a Kerr black hole, where the metric admits two
Killing vector, and the horizon surface is determined by
the linear combination of the two Killing vectors). We
have checked that la = (∂/∂u)a is not a Killing vector
and it does not define any Killing horizon. Therefore, any
vector proportional to la will not define a Killing horizon
as well.
To sum up, the null surface is not assumed to be a
Killing one when the assumption – α and µ are indepen-
dent of u – is taken. In that sense the whole analysis
predicts the properties of a generic null surface.
Appendix C: To prove (21) and (22)
The Fourier modes of the integrations, (9), (10), (17),
(18) and (19), which are needed to be evaluated to obtain
the Fourier modes of the charges and of the brackets in
the desired form, are highly daunting task as the func-
tional form of α and µ are not exactly known. In an
earlier attempt [15], as we have mentioned in our main
analysis, assumed that α and the transverse metric coef-
ficients µAB are independent of u and a particular trans-
verse coordinate. Here, we find that a much more weaker
restriction can be imposed. It will be shown that taking
the leading order terms of α and µ (not the transverse
metric coefficients) as independent of only u coordinate is
enough to get the near horizon algebra. In our case, the
periodicity condition of u helps to get the desired results
even if the functional form of α and µ are not known.
We have also found out the physical interpretation of µ
being independent of u which is mentioned earlier. In
the next appendix, it will be shown that this assumption
does not imply a Killing horizon near to the null surface.
Now, while calculating the Fourier modes from the
Eqns. (9), (10), (17), (18) and (19) with the Fourier
mode of F as mentioned earlier, we mainly encounter
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two integrations, i.e., I1 ∼
∫ √
µdd−2xAei(m+n)(au+pAx
A)
and I2 ∼
∫ √
µdd−2xAαei(m+n)(au+pAx
A). To solve these
two integrations, we have used the periodicity condition
on the coordinate u with the fact that the periodicity is
independent of any coordinate. To get the value of the
integration I1, let us start with the fact that∫ R
0
du
∫
dd−2xA
√
µei(m+n)(au+pAx
A)
= R
∫ √
µdd−2xAδm+n,0 . (C1)
In the above we have used the result
∫ R
0 due
i(m+n)au =
Rδm+n,0 and R = 2pi/a. The next step is to take deriva-
tive with respect to R on the both sides of (C1). From
the left hand side we get
∫ √
µdd−2xA
∂
∂R
∫ R
0
duei(m+n)(au+pAx
A)
=
∫ √
µdd−2xAei(m+n)(aR+pAx
A)
=
∫ √
µdd−2xAei(m+n)pAx
A
, (C2)
where, in the second equality ∂
∂b
[
∫ b
a
f(x)dx] = f(b)
has been used and the final result is obtained after
substitution of R = 2pi/a. Whereas, the derivative
with respect to R on the right hand side of (C1) gives∫ √
µdd−2xAδm+n,0. This implies
∫ √
µdd−2xAei(m+n)(au+pAx
A) = Aδm+n,0 (C3)
where A =
∫ √
µdd−2xA is the transverse surface area.
The second integration I2 can be performed following
the previous method of I1 and considering α as indepen-
dent of u while performing the integration of u. One can
similarly obtain
∫ √
µdd−2xAαei(m+n)(au+pAx
A) = αAδm+n,0 . (C4)
Using the results of (C3) and (C4), the Fourier modes
of the charges and the brackets of the charges can be
obtained which are given in (21) and (22).
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